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Abstract

This paper introduces a new probability distribution referred to as a transformed triangular
distribution (TTD) by using the average of the extreme values (minimum and maximum) of the
triangular distribution. The TTD is being approximated by the continuous uniform distribution.
The basic moments of the TTD and those of the continuous uniform distribution are compared
respectively, and a relationship established. This can be used in modeling and simulation.

Keywords: Moments, uniform distribution, triangular distribution, transformed distribution,
continuous random variable.

Mathematical Subject Classification (2010): 05A10, 81520, 81S30, 33B20

*Corresponding author: soedeki@yahoo.com;




British Journal of Mathematics & Computer Science 4(24), 3497-3507, 2014

1 Introduction

Triangular distribution is a continuous distribution with a fixed minimum, fixed maximum and
most likely value to occur (mode). The most likely value lies between the minimum and
maximum values, forming a triangular-shaped distribution which shows that values near the
minimum and maximum are less likely to occur [1]. The minimum and the maximum values are

called the extreme values. The values can either be symmetrical (the mod e = mean = median )
or asymmetrical [2].

The distribution is widely used to approximate Beta distribution [3]. Some of the earliest known
written work on the triangular distribution are traceable to the work of [4,5], even though it was
Simpson that first mentioned the distribution in his papers [6].

Nevertheless, many authors and researchers have worked on the triangular distribution; some of
them are either on the statistical, probabilistic nature of the distribution or in the area of simulation
and modeling. Some of the contributions include the characteristics of the distribution [7,8], the
product of two identically independent distributed triangular variables [9], on the extension of the
triangular distribution and the convolution [10,11], applications in project evaluation and review
technique PERT [12-16], non-smooth sailing with respect to asymptotic distributions [17,18],
Monte Carlo Simulation [19-22], the properties of bivariate triangular distribution [23-24], on the
negative binomial-triangular distribution [25], advanced simulation and risk modeling [26-28]
combination of triangular and exponential distributions [29], the sum of two triangular
distributions [30], discrete nature of triangular distribution and non-parametric estimation for
probability mass function [31].

The remaining part of the paper is structured as follows: section 2 deals with the basic concepts
and properties of the concerned probability distributions, section 3 is on methodology and

procedures towards the transformation of the triangular distribution and discussion of results;
while in section 4, a concluding remark is made.

2 The Basic Concepts of the Probability Distributions

In this section, we present both the properties of the triangular and the continuous uniform
distributions to be used in the later part of the work.

2.1 Some Moments and Properties of the Triangular Distribution (TD)
Suppose X is arandom variable with parameters a,b and ¢ such that

a:a€ (—oo,00)
b:asb<c

c.a<c

and a support, a < x<b
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then, X is said to follow a triangular distribution X ~ T'(a,b,c) with the following properties:

Probability density function (pdf) f(x) of X given as:

0 , for x<a
2(x—a)

—aYb-a)’
fio={ 07 m
ﬂ, for a<x<c
(c—a)(c—b)
0 , for x>c

Cumulative Density Function (CDF) X :

0, for x<a
_ 2
&, for a<x<b
(c—a)b—a)
F(x)= ) 2
—&, for b<x<c
(c—a)(c—D)
1, for c<x
Mean:
E(X)= atbtc 3)
3
Median:
a+—“(c_il/)5(b_a) for bza;c
XMediun = b (4)
_Ac=a)c=Db) for p<dte
2 2
Most likely value
XMode = b (5)
Variance:
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a’+b*+c*—ac—ab—bc

Var(X) = 6
(X) 13 (6)
Skewness:
J2(a+c-2b)2a-c—b)a—-2c+b
XSkewness = (a < )( < )(a cz ) (7)
5(a* +c*+b* —ac—ab—bc)?
Kurtosis:
XKurtosis = _3 / 5 (8)

2.2 Some Moments and Properties of the Continuous Uniform Distribution

A random variable Y over the interval I =[a,b] is a continuous uniform distribution if it is

equally likely to assume any value in I . Let f(y) and F(y) be the pdf and CDF of Y
respectively, then:

! , aly<bh
f(y)=1(b-a) )
0 , otherwise
0, for y<a
F(y)= _(y—a)’ fora<y<b
(b-a) (10)
1, for c¢=b

Remark 2.1: The following can easily be computed.

Mean:
b+a
Ymean = (1 1)
2
Mode (can be any value in I ) so we choose:
b+a
Ymode = T (12)
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Median
b+a

Ymedian = T (13)
Variance

Var(ry=L=9" (14)

12

Coefficient of skewness

Yc—xkewnesx = 0 (15)

3 Methodology and the Modification of the Triangular
Distribution

3.1 The Transformation of the Triangular Distribution (TTD)

We replace the most likely value b, with the average of the minimum and maximum of the
Triangular distribution in order to modify the Triangular distribution, thus;

a+c
b= 16
> (16)

The resulting distribution will henceforth be referred to as the Transformed Triangular
Distribution (TTD).

3.2 The Resulting Distribution TTD and Its Properties

Suppose X " is the random variable associated with the TTD, fY(x) and F' (x) as the
corresponding pdf and CDF respectively, then by using (9), one can easily obtain the following:

da—a) o g8t
(c—a)’ 2
* 4 -
f = G Xz ,a+chSc
(c—a) 2 (17
0 ,otherwise

and it is easy to show that:
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0, for x<a
2(x—a)’ a+c
(c—a)’’ f asxs 2
Fw="
((cc:a);)z fe at <x<c
1, for c<x

Remark 3.1 validation of the probability density function of f (X)

To validate the pdf of the TTD, we need to show that:

Jz.f*(x)dle

Proof: By definition,

atc

dx-a), T =),
jf (N)dx = j (Cx_ D +j (Cc s

atc

J. (x—a)dx+ J- (c—a)dx

(C a) dve
2
A+B
. a){ + B}
where
2 a;C _ 2 C
Az[x——ax] :(a C) & Bz( x—x—]
2 . 8 ate
2
Thus,
e, 4
jf (x)dx = —{A+B}
/ (c—a)
=1
Since
(a—c)
A+B= & (a—c) =(c-a),a#c

(18)

19)

(20)

€2y

(22)

(23)

3502



British Journal of Mathematics & Computer Science 4(24), 3497-3507, 2014

Showing that f () is indeed a valid pdf.

For the rest of the moments and properties we shall often refer to (17), as such (16) in (3) gives:

Mean:
a+c
a+ +c
L 2
mean 3 (24)
_a+c_b+a
2 2
Thus,

showing that:

*
Ymean ~ X mean

(25)
The Median of TTD using the extreme values:
Substitute equation (16) in (4) gives:
)
Xmedian =at\————F—
2
Cay [cOc—a) (26)
4
a+c
= 2 = Ymedian
showing that:
Ymedian ~ X*median (27)
Similarly
a+c
(c—a)c—( 5 )
Median = c —
2
e (c—a)(c—a)
\/ 4
_a+c
2

showing the same result in (27).
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The Mode of TTD ( can be any value in I ):
In this case of mode, choose b such that:

X;Ode = b = are
2 (28)
2 Ymode
showing that:
Ymode ~ X*mode (29
The variance of the TTD:
Substitute (16) in (6) gives:
a’ +(LH)2 +c’ —ac—a(a+c)—c(a+c)
Var(X') = 2 2 2
18
(c—a)
=— 30
24 G0
>Var(Y)
showing that:
Var(Y) = Var(X*) (31)
The skewness of the TTD:
From (16)
b=2TC op=a+c (32)
2
Therefore, substituting (16) and (32) in (7) gives:
J2(26-2b) 2a—c—(a+cj a—2€+(a+cj
. 2 2
Skewness = ) 3
+ + +c)2
5 a2+c2+7(a ‘) —ac—a(a c)_c(a ‘) &9
2 2

c—skewness
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4 Conclusion

In this paper, we have showed that when the mode of a triangular distribution is the average of the

extreme values, then the resulting distribution referred as transformed triangular distribution (TTD)
is a probability function that can be reasonably approximated, simulated and modeled by the

continuous uniform distribution. The limit theorem takes care of the behavior of the distribution at

large sample.

Acknowledgements

We would like to express sincere thanks to the anonymous reviewer(s) and referee(s) for their
constructive comments and valuable suggestions towards the improvement of the paper.

Competing Interests

Authors have declared that no competing interests exist.

References

[1]  Mun J. Modeling risk: Applying Monte Carlo, risk simulation, strategic real options,
stochastic forecasting, and portfolio optimization, 2" Eq, Wiley & Sons; 2010. ISBN: 978-
0-470-59221-2.

[2]  Paul M. Introduction to probability and statistical applications. Addison-Wesley, Reading
MA; 1970. ISBN: 9780201047103.

[3] Johnson D. The triangular distribution as a proxy for the beta distribution in risk analysis.
The Statistician. 1979;46:387-398.

4] David FN, Barton DE. Combinatorial chance. Lubrecht & Cramer Ltd; 1962. ISBN:
9780852640579.

[5] John R. Combinatorial chance. The Annals of Mathematical Statistics. 1962;33(4):1477-
1479.

[6] Seal HL. The historical development of the use of generating functions in probability
theory. Mitt Verein Schweiz Versich Math. 1949;49:209-228.

[7] Kotz S, Dorp JRV. Beyond beta. World Scientific Publishing Co. Ltd, Singapore; 2004.
ISBN: 981-256-115-3.

[8] Jance M, Thomopoulos N. Min and max triangular extreme interval values and statistics.
Journal of Business and Economics Research. 2010;8:139-143.

3505



British Journal of Mathematics & Computer Science 4(24), 3497-3507, 2014

(9]

[10]

(11]

[12]

[13]

(14]

[15]

(16]

(17]

(18]

[19]

(20]

[21]

(22]

(23]

[24]

Donahue JD. Products and quotients of random variables and their applications. Aerospace
Research Laboratories, Office of Aerospace Research, US Air Force, Wright-Patterson Air
Force Base, Ohio; 1964.

Dorp JRV, Kotz S. A novel extension of the triangular distribution and its parameter
estimation. The Statistician. 2002;51(1):63-79.

Dorp JRV, Kotz S. Generalizations of two-sided power distributions and their convolution.
Comm Statist Theory Methods. 2003;32:1703-1723.

Clark CE. The PERT model for the distribution of an activity. Operations Research.
1962;10(3):405-406.

Grubbs FE. Attempts to validate certain PERT statistics or ‘picking on PERT. Operations
Research. 1962;10(6):912-915.

Keefer DL, Verdini WA. Better estimation of PERT activity time parameters. Management
Science. 1993;39(9):1086-1091.

Moder J, Rodgers EG. Judgement estimates of the moments of PERT type distributions.
Management Science. 1968;15(2):B76-B83.

Kamburowski J. New validations of PERT times. Omega. 1997;25:323-328.

Johnson N, Kotz S. Non smooth sailing or triangular distributions revisited after some 50
years. The Statistician. 1999;48:179-187.

Winston WL. Operations research: Applications and algorithm. 2™ Ed. Kent Publishing,
Boston MA; 1993.

Altiok T, Melamed B. Simulation modeling and analysis with ARENA. Academic Press;
2010.

David Kelton W, Randall P. Sadowski, David T. Sturrock. Stimulation with Arena.
McGraw Hill; 2008.

Sprow FB. Evaluation of research expenditures using triangular distribution functions and
Monte Carlo Methods . Ind Eng Chem. 1967;59(7):35-38.

Chau KW. The validity of triangular distribution assumptions in Monte Carlo simulation of
a construction costs: Empirical evidence from Hong Kong. Construction Management and

Economics. 1995;13(1):15-21.

Nadarajah S. A polynomial model for bivariate extreme value distributions. Statistical
Probab Letters. 1999;42:15-25.

Griffilths RC. On a Bivariate Triangular Distribution. Australian Journal of Statistics.
1978;20(2):183-185.

3506



British Journal of Mathematics & Computer Science 4(24), 3497-3507, 2014

[25]

[26]

[27]

(28]

[29]

(30]

[31]

Karlis D, Xekalaki E. On some distributions stemming from the triangular distribution.
Technical Report, Dept. of Statistics, Athens University of Economics. 2000;111.

Sarireh M. Estimation of HD drilling time using deterministic and triangular distribution
functions. JETEAS. 2013;4(3):438-445.

Johnson D. Triangular approximations for continuous random variables in risk analysis.
JORS. 2002;53:457-467.

Back EW, Boles W, Fry G. Defining triangular probability distributions from historical cost
data. Journal of Construction Engineering and Management. 2000;126(1):29-37.

Brizzi M. A skewed model combining triangular and exponential features: The two-faced
distribution and its statistical properties. Austrian Journal of Statistics. 2006;35(4):455-462.

Gary M, Choudhary S, Kalla SL. On the sum of two triangular random variables.
International Journal of Optimization: Theory, Methods and Applications. 2009;1(3):279-
290.

Kkonendji CC, Senga Kiesse T, Zocchi SS. Discrete triangular disributions and non-
parametric estimation for probability mass function. Journal of Non-parametric Statistics.
2007;19:241-254.

© 2014 Okagbue et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

www.sciencedomain.org/review-history.php ?iid=699&id=6&aid=6427

3507



